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ON THE PERFECT r-PARTITIONS OF r s - r + I.

By the Bev. Thomas P. Kirkman. A.M., FRS., Rector of Graft with 
Southworth, and Honorary Member of the Literary and Philosophical 
Society of Manchester.

(HEAD 21sT MAY, 1857.)

Some years ago a question was proposed in the Ladies' and Gentlemen's 
Diary, which is not likely soon to be answered: " To determine the 
number of combinations of q together that can be made with n symbols, 
so that every combination of r symbols shall be m times and m times 
only employed."

The little that has been done towards the solution may be seen in some 
papers of mine in the second fifth and eighth volumes of the Cambridge 
and Dublin Mathematical Journal, and in two memoirs in the seventh 
and eighth volumes, by the late Mr. Anstice. That author has there 
given a properly mathematical discussion of a puzzle proposed by me 
several years before, which, as I happened to learn the other day in 
London, is still going round as a riddle of reputation, in circles to which 
it never looked to be admitted: to make a school of fifteen young ladies 
all walk out in threes together, for seven successive days, so that no two 
shall walk twice together. The way to do this presented itself at first by 
accident in the course of some investigations in combinations; but the 
theory of the solution was never unravelled till Mr. Anstice's learned 
papers appeared.

Questions of this nature have a high mathematical interest, and are 
riot without their practical, and even their commercial value.

Their analytical interest arises hence; that it is exceedingly difficult 
to state in algebraic language the conditions of a purely tactical problem. 
The elements to be combined in these questions have no property except 
that of diversity. They have no arithmetical value or capacity, except 
that they can be counted. No operation of addition, subtraction, multi­ 
plication, or division can be performed upon them. They can merely be 
combined. A tactic calculus may one day be discovered, by which these 
problems shall be controlled; but all this is yet part of the sublime
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unknown. We can do nothing effectual till then with the analysis thus 
far in our hands, unless we can contrive to transform the tactic into 
arithmetic.

There has been a day when the theorems I am about to give had a high 
commercial, or rather financial value, and for anything I knew they may 
have it now.

Some years ago the promoters of a foreign lottery would have been 
gainers if they could have bought, for a large sum, even a partial answer to 
the question above quoted from the Ladies' and Gentlemen's Diary. They 
sold tickets, each stamped with a different combination, say of seven 
numbers. On the day of drawing or decision of prizes, seven numbers 
were drawn one by one out of an urn: this completed the drawing. 
The holder of the ticket on which those seven drawn numbers were 
printed, won the head prize; all those who had six of them on their 
tickets received a prize next in value; they who had five of them gained 
a lower prize, and so on; the lowest prizes being taken by all those 
persons who had on their tickets any two of the seven drawn numbers.

It was evidently of great importance to the promoters of the lottery, 
that they should not sell more of one combination than another, in order 
to equalise their own chances. They were consequently put to great 
expense in packing their tickets, and a great number of hands were 
employed by them for a length of time to make such combinations by trial 
as would suit the end proposed.

The problem which I consider in this paper is the following :   To form 
r-plets with n symbols, so that all possible duads shall be once and once 
only employed, and so that the r-plets shall be deducible all from any one 
by successive additions of the r-plet 1111...; that is, by cyclical permu­ 
tation in every place; « being always set down for n + f-

For example, it has long been known, that triads can be so formed with 
seven symbols in two ways ;

124 136 
335 980 
346 341 
450 452 
561 663 
602 604 
013 016
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In either of these arrangements, every triad is formed from the preceding 
by addition of 111; e heing always set down instead of 7 + « ; and every 
duad in either is once and once only employed.

The symbols chosen here are the seven numbers, 1234560; but it is 
evident that they have herein no arithmetical attributes. Seven names 
or letters, or seven bits of glass, would give the answer equally well.

We are first to find an algebraic or arithmetical expression of the 
condition.

Let the r vertical columns,
a , b , e , d . . .

1 + a, 1 + b, 1 + c, 1 + d . . .
2 + a, 2+6, 2 + c, 2+d . . .

be the arrangement required of our n symbols, 1 2 3 4 .... n. It is 
necessary that the duad (in, m + i) should occur in some horizontal line. 
Now, wherever this mny be, these numbers will be read thus, between 
two other lines,

m   1 . . . . . m + i - 1 . . .
m ..... w + i ...

And it is evident that every pair of numbers in those two vertical columns 
will have i for their difference. The difference between two columns ia 
the sum of those of the intervening column. Thus, for example, 

d   d = (b -  d) -|- (c   by -{-  (u   c) 
(d -\- 9)   (a ~\- 0J = (o   &) -f- (c   o) -j- (d   c).

It is required therefore that i be the sum of the differences of the 
numbers that stand over and between m and m + i at the head of the 
arrangement. That is, every number i from 1 to n ~ 1, must be the sum 
one or more contiguous elements of the series 

b   a, c   b, d   c, &c.,
or, at least, these contiguous elements must make up An+i, for which it 
is always to be understood thai i is set down.

Let « £ y J . . . f be this series. Our problem is now transformed 
to this: to find a series of r numbers * /3 y J . . . p such that every

i
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number t from 1 to n   1 shall be the sum of certain contiguous ones, 
one or more, in this series. One of these must be unity, and the sum 
of the rest must be n   1, the least and highest values of i; for the duad 
In must appear somewhere. Therefore we must have

«+£+y+     +f=n; (a) 
and the following identity expresses the rest of our conditions; 

« + /3 + y + . . . + f

J + &C.

= 1 + 2 + 3+ . . +n-l, (A.) 
The n   1 numbers on the left being, in some unknown order, exactly 
the n   1 numbers on the right; and the r-plet a+/3+y + . . +f = n 
not appearing.

It is easily proved that the only possible value of n is
n = r*-r+\;

for a. heads a column of r 1 numbers, /3 a column of as many, y one of 
as many, &c. ; so that there are r (r   \ ) numbers on the left hand of the 
equation, which are none other than the numbers 12 . . n  1; i.e.,

r(r   l) = n   l.
Since the numbers in the two members of (A) are the same identically, 

we have
a  +/3 m +ym + . . . +p m

+ (« + /9)" + (/3 + y) M + (y + J)»+ . . . +(f> + ") m
+ (* + /3 + y)» + &C.

= 1 m +2 m + 3 m _ _ + (n _l)m. (A/)

which is true for all values of m.

The problem before us is thus reduced to the finding tbe r numbers 
which satisfy the equations A and a. It may be stated thus : to find the 
perfect r-partitiom of r a   r + 1. Any r numbers that satisfy (a) form 
an r-partition of n; and if they satisfy (A), I call the partition perfect, 
because every number 1 2 3 . . n is made up by sums of contiguous 
elements, one or more, of the partition ; using the word perfect in a sense 
analogous to what is understood in a perfect number, i. e., one which is 
equal to the sum of all its divisors.

We have equations in abundance for the determination of « & y . . .
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The r 1 equations (A') made by giving to m any r  1 positive values; 
together with (a), are sufficient for the elimination of all the unknowns 
but one, «, which will give a resulting equation Z7= 0, among whose roots 
will be all the sought numbers, because they are similarly, though not 
symmetrically, involved in (A'). The exchange of any value used of m for 
one not used will give us a second system from which all the unknowns 
but three can be eliminated, and a result V = 0, which will likewise have 
all the sought numbers among its roots. The common factor V = 0 of 
V and U being found, the numbers a ft y . . . can be obtained by the 
solution of F = 0, or proved to be impossible.

If there should be more sets of values «. ft y . . . than one, that is, if 
n has more than one perfect r-partition, we shall thus obtain them all- 
There will still be a tactical problem for solution, which is the arrange­ 
ment of the elements, all roots of V = 0, in the required order; but this 
will evidently, unless r be a large number, be a matter of very little 
difficulty. And we shall presently see, that if one perfect partition cun 
be found, others, and most likely all the others, can be easily deduced 
from it.

Our problem is thus, in theory, completely solved, with the exception 
of the arrangement of the elements of the partitions just mentioned. 
And in all cases, if the problem is impossible, we can demonstrate the 
impossibility.

I doubt whether it is practicable completely to transform tactic into 
arithmetic: there will probably be, in every solution of such problems as 
these, a tactic element, if the. problem be definite, which canuot be 
eliminated. Whether this be so or not, the ^analysis and transformation 
just given are, so far as I know, the first instance of a purely tactical 
problem being brought completely under the dominion of Algebra. For, 
saving the researches of Mr. Anstice, I know nothing in analysis or 
arithmetic that resembles this investigation, except the theory of magic 
squares and cubes, the problems in which are not purely tactical, because 
the results can be tested only by arithmetic. And the admirable 
researches of Mr. Anstice upon arrangements of triplets do not, so far as I 
see, either exhaust the solutions or supply a test of their impossibility.

The length of the operations indicated in the above reasoning has 
naturally deterred me from any - application. The results that I have
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obtained have been by a tentative process. But I think it likely that any 
industrious student who may attempt the solution of (A) will find simpli­ 
fications presenting themselves that may lead to valuable theorems.

A perfect partition being found, it is to be used as a difference circle, or 
key to the formation of the r-plets required.

Thus 1 2 4 is a perfect partition of 7, and may be employed in a 
difference circle in two ways, thus:  

124 142

013 0 ] 5 ; 
  . 124 126

&c. &c.
are the two arrangements of 7 things which have no triad in common, and 
are seen to be different sets by inspection of the triads 013 and 015, 
from which the others are derivable by addition of 1 1 1 .

It is easily proved, that if a perfect partition of « have its elements all 
multiplied by any number e prime to n, the result, though not always a 
partition of n, is yet always a difference circle as efficient as before the 
multiplication. For if every term in equation (A) be multiplied by e 
prime to n, there will still be on both sides tbe equation the same n  1 
numbers '1 2 ; . . n  1, if the residues only to modulus n are set down. 
If this is not so, we shall have some two products alike ; that is,

«{« + /3 + y . . -(«,'+ P+ v' + .) } =(A-A')n, 
or, since e is prime to n,

(« + /3 + y . . .)_(a + /3 + y + . .) = A"n,
i. e., the difference of two numbers, either of which is less than n, is a 
multiple of n, which is absurd. Wherefore the proposition is established, 
This is easily verified by multiplying 1 2 4 by 2, 3, 4, or 6. Thus, always 
throwing away the sevens,

(2-1, 2-2, 2-4) = 2, 4, 1, as before
(8-1, 3-2, 3-4) = 3, 6, 5, = (3 + 6, 6 + 5, 5 + 3) = (2, 4, 1,)
(4-1, 4-2, 4-4) =4, 1,2,
(5-1, 5-2, 5-4) = (5, 3, 6) = (5 + 3, 3 + 6, 6 + 5) = (1, 2, 4)
(6-1, 6-2, 6-4) = (6, 5, 3) = (6 + 6, 5 + 3, 3 + 6) = (4, 1, 2).
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The identity of the difference circles 124 and 865 consists in this, that 
either of them can be made to take the form of the other, by setting 
down, instead of single elements, syllables of contiguous elements; thus
1 2 4 is

(1 + 8, 8 + 4, 4 + 1) = 3, 6, 5, and 
3 6 Sis (3 + 6, 6 + 5, 5+ 3) = 2,4, 1. 
And by virtue of this identity they will both give the same arrangements 
of triads. Thus using 3 6 5 for our difference circle instead of 1 2 4, we 
obtain the same two sets of triads as before;

365 356

032 031" 
143 142 
254 253 
865 364 
406 405 
510 516 
621 620

If C stands for the circle 124, we may represent the above results 
by the equations (to modulus 7), . 

SO = C, whence follows 
4(7 = C,

and SO = C, whence follows 
2-3(7=0 = 60 
4-3C7=C=5C;

the truth of which depends on the fact that every number below seven is 
of the form 2" 3" to modulus 7, thus  

2.3°, 213°, 2°31 , 2?3°, 2?31, 2.31 , are (to modulus 7) the numbers 1, 2, 
3, 4, 5, 6. Or since

3 = - 22, (modulus 7) 
all those six numbers are of the form ± 2  to that modulus.

It is readily found by trial that 1 2 6 4 is a perfect partition of 13. It 
becomes a matter of interest to examine whether the difference circles 
obtained by multiplying this by the successive numbers 2, 3, ... 12, 
will be the same or different circles. Now

2(1, 2, 6, 4) = 2, 4, 12, 8
8(1, 2, 6, 4.) = 3, 6, 5, 18.
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The circle 8 6 6 12 is 1 2 6 4, because
(8, 6, 5, 12) = (1 + 2, 6, 4 + 1, 2 + 6 + 4), and 
(1, 2, 6, 4) = (3 + 6 + 5, 12 + », 6, 5 + 12);

but 2 and 4 are contiguous elements in 2, 4, 12, 8, and non-contiguous 
in 1, 2, 6, 4; wherefore these circles are not the same. In fact 
2, 4, 12, 8, transformed by a regular course about it, to shew syllables 
whose sum is 13, is

(2, 4 + 12, 8 + 2 + 4, 12 + 8) = 2, 3, 1, 7 ;

and cannot be thrown into four syllables by a regular circuit, whose values 
are 1, 2, 6, 4. Also,

2(2, 3, 1, 7) = 4, 6, 2, 1. 
If C stand for 1264, and T> for (2, 4, 12, 8 = ) 1 7 2 3, we have thus 

2C = P,
3D = O, whence
2?0= C, 2?D = D. 

This is a remarkable solution of the functional equation
qPx = x, where 

;. $x is neither x nor   #.

From the equations, above proved,
2C=D,2D = C,SC=C= 4(7 

follow 22!"3*Cr = C, 2s!" 3* P = Z>
22m.41 3*C1 = U; 22m .+1 3*Z» = (7; 

Now all the numbers
1, 3, 4, 9, 10, 12 are of the form 22  8* 

and 2, 5, 6, 7, 8, 11 are of the form 22m.+1 3*,

to modulus 13. It follows that if the circle 1 2 6 4 be multiplied by any 
of the former six numbers, it remains unaltered, and if by any of the 
latter six, it becomes 1723.

And no other circle can be deduced by such multiplication from either 
of these. This does not prove that no other perfect partition of 13 exists; 
but it is easy to see that no more are possible, from the consideration that 
both 1 and 2 must be elements in every perfect partition, and that no 
sum of unlike figures greater than 2 can have a sum = 10, except 6,4 
and 7,3.

We can therefore make four and only four arrangements of quadruplets
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with 13 symbols, so as to exhaust the duads once and once only. These 
are obtained from the difference circles, thus:  
1264 1462 1793 1327

0 1
1 2
S 3
3 4
4 5
6 6
6 7
7 8
8 9
9 10
10 11
11 12
12 0

3
4
5
6
7
8
9

10
11
12
0
1
2

9
10
11
12
0
1
2
3
4
5
6' 7

8

0
1
2
3
4
5
6
7
8
9
10
11
12

1 5
2 6
3 7
4 8
5 9
6 10
7 11
8 12
9 0

10 1
11 2
12 3
0 4

11
12
0
1
2
3
4
6
6
7

8
9

10

0
1
2
3
4
5
6
7
8
9
10
11
12

1 8
2 9
3 10
4 31
5 12
6 0
7 1
8 2
9 3
10 4
11 5
12 6
0 7

10
11
12
0
1
2
3
4
5
6
7
8
9

0
1
2
3
4

5
6
7
8
9
10
11
12

1
2
3
4
5
6
7
8
9

10
11
12
0

4 6
5 7
6 8
7 9
8 10
9 11

10 12
11 0
12 1
0 2
1 3
2 4
3 5

In these arrangements no triad is repeated. And I think it will be 
found impossible to form another quadruplet which shall not contain a 
triad before employed. .

These results might be thrown into the shape of an amusing puzzle 
thus:  

A invites a family of 13 persons to dine with him, four at once, so long 
as no two shall dine together a second time. They manage to eat 13 
dinners. A continues his invitation to the same family to dine with him 
four at once, so long as no three, .reckoning from the first invitation, shall 
dine a second time together. They manage to eat 39 more dinners. How 
did they arrange themselves, and contrive it also in such a manner, that 
every member of the family ate the same number of dinners ?

In a memoir in the fifth volume of the Cambridge and Dublin Journal, 
I have proved that, whenever r is prime, r2 + r + 1 symbols can be 
arranged in (r + l)-plets, so that every duad shall he once employed 
and once only; but the method given of forming the multiplets is not so 
elegant as this deduced from the difference circles here discussed. It was 
a matter of surprise to me to discover by accident a perfect partition of 
21 = 4a + 4 + 1, thus proving that r needs not be prime. This parti­ 
tion is 1, 3, 10, 2, 5.
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All the numbers prime to 21 are of the form 5.2°, i. e., ±2", to 
modulus 21. If then this difference circle is unchanged by multiplication 
by 2, or 5, we know that no multiplier can change it. Now 

2(1, 3, 10,2, 6) = (2, 6, 20, 4, 10)
= (2, 5 + 1, 3 + 10 + 2 + 5, 1 + 3, 10); 

5.(l, 3, 10, 2, 5) = (5, 15,8, 10, 4)
= (5, 2 + 10 + 3, 1 + 5 + 2, 10, 3 + 1);

which are evidently the same circle 1, 3, 10, 2, 5. We conclude that no 
other perfect partition of 21 can be deduced from this one. But this 
does not prove that no other exists.

We know, however, that if 1,2 be not contiguous in a perfect partition, 
it must contain 3; and that if 1,2 be contiguous, it cannot contain 3. 
And it is easily proved, by examination of the 5-partitions of 21 that have 
five different elements, that no perfect one exists except 1, 3, 10, 2, 5.

There are thus only two ways of arranging 21 things in 5-plets, so as 
to exhaust the duads once and once only.

1 3 10 2 5 1 5 2 10 3

0 1 4 14 16 0 1 6 8 18
1 2 5 15 17 1 2 7 9 19
2 3 6 16 18 2 3 8 10 20
3 4 7 17 19 3 4 9 11 0
4 5 8 18 20 4 5 10 12 1
569190 5611 13 2
6 7 10 20 1 6 7 12 14 3
7 8 11 0 2 7 8 13 15 4
8 9 12 1 3 8 9 14 16 5
9 10 13 2 4 9 10 15 17 6

10 11 14 3 5 10 11 16 18 7
11 12 15 4 6 11 12 17 19 8
12 13 16 5 7 12 IS 18 20 9
13 14 17 6 8 13 14 19 0 10
14 15 18 7 9 14 15 20 1 11
15 16 19 8 10 15 16 0 2 12
16 17 20 9 11 16 17 1 3 13
17 18 0 10 12 17 18 2 4 14
18 19 1 11 13 18 19 3 5 15
19 20 2 12 14 19 29 4 6 16
20 0 3 13 15 20 0 5 7 17
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In these no triad is repeated, and I think no 5-plet can be formed beside 
without repeating a triad.

I found a perfect partition of 31 by chance, simply by writing 3 2 2 2 2 
under 1 3 10 2 5, which gave me 3 S 12 4 7, and this by a small change 
became 2, 1, 5, 12, 4, 7, a perfect partition, exhibiting the numbers 
1 3 8 .... 30 in the proper form, thus:  

1, 2, 2 + 1, 4, 5, 1 + 5, 7, 2 + 1 + 5, 2 + 7, 1 + 2 + 7, 4 + 7, 12, 
4 + 7 +2, 4 + 7 +3 + 1, 7 + 2+1+5, 12 + 4, Ac., the remaining 
numbers being simply the complements of those here written.

To examine whether we can obtain from this any other perfect partition, 
 we write

2 (Si, 1, 5, 12, 4, 7) = (4, 2, 10, 24, 8, 14)
which we see at once to be a new circle, because 2 and 4 on the right are 
contiguous syllables; it is, in fact, reduced to syllables whose sum is 31, 

(14, 4, 2, 10 + 4, 8 + 14 + 4 + 2 + 10, 24 + 8.) = 14, 4, 2, 3, 7,1.

Next,
3 (2, 1, 5, 12, 4, 7) = (6, 3, 15,5,12,21);

this has 2 + 1, 5 contiguous on one side, and 3 . . 5 non-contiguous on 
the other; we have therefore two partitions before us, and the new 
one is  
(6, 8, 15+5+12, 21 + 6 + 3 + 15, 5, 12+ 21) =(6, 3, 1, 14, 5, 2). 

Again,
4 (2, 1, 5, 12, 4, 7) = (8, 4, 20, 17, 10, 28),

showing different partitions, by 2 + 1 + 5, 4 non-contiguous on the left, 
and 8, 4 contiguous on the right. The new one is  
(8 + 4 + 20, 17 + 16, 28 + 8, 4, 20 + 17, 16 + 28) = (1, 2, 5, 4, 6,13).

The next step is 
5 (2, 1, 5, 12, 4, 7) = (10, 5, 23, 29, 20, 4) 

a repetition of our first difference circle; for it is simply 
(7 + 2 + 1, 5, 12 + 4 + 7 + 2, 1 + 5 +12 + 4 + 7, 2 + 1 + 5 + 12, 4).

We need not try 6 limes; for if
5(7= C 

it must follow from
6-5(7+0=31(7 = 0, to modulus 31, 

that 6-5(7= - C= - 5(7,
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or 6 C = - C,
i. e., 6(7 can differ from C only in sign, or it must be the same circle read 
backwards. And, in fact,

6-(2, 1, 5, 12, 4, 7) = (12, 6, 30, 10, 24, 11) 
= (12, 6 + 30, 10 + 24 + 11 + 12 + 6, 30+10+24, 11 + 12 + 6+30+10,

24 + 11) =(12, 5,1, 2,7, 4), 
our first circle reversed.

Neither is it necessary to try 7 times; for 
if 52C = C 
4-5JC = 4(7, or

7(7 = 4(7, 
because 4-25 = 7, to modulus 31.

Consequently
7(2, 1, 5, 12, 4, 7) = 2(1, 2, 5, 4, 6, 13)

as found before from the multiplier 4; and this the reader can readily 
verify.

The multiplier 8 gives us, since 8(7= 2'4(7
8 (2, 1, 5, 12, 4, 7) = 2 (1, 2, 5, 4, 6, 13)

= (2, 4, 10, 8, 12, 26)
again a new partition, as seen from the position of the elements 2 and 4. 
Reduced to syllables whose sum is 31, it becomes 
(2, 4 + 10 + 8 + 12,26 + 2 + 4, 10, 8, 12+ 26) = (2, 3, 1, 10,8, 7).

We have proved that
C =(2, 1,5, 12,4, 7) =5(7=6(7; 

8(7= (1,7, 3, 2,4, 14) 
80= (1, 3, 6, 2, 5, 14) = 3-6(7 = - 16(7; 
4(7 =(1,2, 5,4, 6, 13) = 7(7 
8(7= (1, 3, 2, 7,8, 10).

There are no more deducible from C, or its multiples, because every 
number less than 31 is of the form i^2m, to modulus 31, when A is 
either 1 or 3, and m is not greater than 3; for 24 = 1, to that modulus: 
or as this is usually expressed in the language of equivalences, 2 is a 
prime root of ar*   1 = 0 to modulus 31.

From these can be obtained ten different sets of 31 6-plets, each set 
exhausting all the duads, thus:  
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5 13 4 7 2 1 2 7 4 12

0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
0

6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
0
1
2
3
4
5

18
19
20
21
22
23
24
25
26
27
28
29
30
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

22
23
24
25
26
27
28
29
30
0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21

29
30
0
1
2
8
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
S3
24
25
26
27
28
29
30

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
32
23
24
25
26
27
28
29
30
0

3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
0
1
2

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
0
1
2
3
4
5
6
7
8
9

14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
0
1
2
3
4
5
6
7
8
9

10
11
12
13

26
27
28
28
30
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

In the same way eight more sets of sextuplets can be made.

It was first observed by Mr. Anstice, in a letter to me, that as the 
powers of 2, estimated to modulus 7, give what he calls in his memoirs 
above quoted a primary triplet 124, from -which others can be cyclically 
obtained so as to exhaust all the duads in 7 symbols, so the powers of 2, 
estimated to modulus 73, give a primary 9-plet from which others can be 
made to exhaust the duads in 73 things. This 9-plet is 

1, 2, 4, 8, 16, 32, 64, 55, 37.
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It follows that the circle of differences made from these numbers arranged 
in order of magnitude, viz.:  

1, 2, 4, 8, 16, 5, 18, 9, 10, 
is a perfect 9-partition of 73. This appears from the series

1,2, 1 + 2, 4, 5, 2 + 4, 1+2 + 4, 8,9,10, 10+1,4 + 8,10 + 1 + 2, 
2 + 4 + 8, 1+2+4 + 8, 16, 10 + 1 + 2+4, 18, 9+ 10, 9 + 10 + 1, 
16+5, 9 + 10 + 1 + 2, 5 + 18, 8 + 16, 10 + 1 + 2 + 4 + 8, 9+10 + 
1 + 2 + 4, 18 + 9, 4 + 8+16, 8 + 16 + 5, 2 + 4 + 8 +16, 1 + 2 + 4 + 
8 + 16, 5 + 18 + 9, 4 + 8 + 16 + 5, 9 + 10 + 1 + 2 + 4 + 8, 2 + 4 + 
8 + 16 + 5, 1 + 2 + 4 + 18 + 16 + 5, &c, 
the rest of the syllables being the complements of these.

We proceed to examine whether other perfect partitions of 73 can be 
derived from this.

2 (1, 2, 4, 8, 16, 5, 18, 9, 10) = (2, 4, 8, 16, 82, 10, 86, 18, 20) 
= (2,4, 8, 16, 5 + 18 + 9, 10, 1 + 2 + 4 + 8 + 16 + 5, 18, 9 + 10+1) 
the same circle still. Putting H for this circle, we can write

ZH=H= 3*?H. 
Next,

3.H = (3, 6, 12, 24, 48, 15, 54, 27, 30)
= (3, 6, 12, 24,-25, 15,-19, 27, 30) 

since 48 + 25 = 0 = 54 +19 ; (modulus 73) 
or 3H = 3, 6,(12 + 24-25 +15-19), (27+ 30 + 3 + 6 +12 + 24-25),

(15 _ 19 + 37 + 30 + 3 + 6 + 12), (24 - 25 + 15), 
( -19 + 27), (30 + 3 + 6 +12 + 24), (- 25 +15 - 19 + 27 + 30),

= 3, 6,7,4, 1, 14, 8,2, 28, 
a new perfect 9-partition of 73.

The multiplier 4 has the effect of 2, or of 1.
5H = (5, 10, 20, - 33, 7, 25, 17, - 98, - 23)

= (5 + 10 + 20 - 33), (7+25+17-28-23 + 5), (10 + 20 - 33 + 7), 
(95 +17 _ 28 - 23 + 5 + 10), (20 - 33 + 7 + 25 +17 - 28), 
(_ 23 + 5 +10 + 20 - 33 + 7 + 25), (17 - 28 - 23 + 5 +10 + 20), 
(_ 33 + 7 + 25 + 17), ((- 28 - 23 = )22) 
= (2,3,4,6,8,11,1,16,22) 1, 
which is a third perfect 9-partition of 73.

Now, QH = 3-2H = 3H, already found; 
7fl=6-24H=5H, just found;
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9H= - 64H = - S8H = - H,
the reverse of our circle H; 

We have next to examine 11H; 
11H = (11, 22,-29, 15, 30, -18, -21, 26,87)

= (11 + 22 - 29), (15 + 30 - 18 - 21), (26 + 87 +11), 
(22 - 29 + 15), (30 - 18), (- 21 + 26 + 3T + 11 + 23), 
(- 29 +15 + 30 - 18 - 21 + 26), (37 + 11 + 22 - 29 + 15 + 30) 
(-18-21+26 + 37), 
= (4, 6, 1, 8, 12, 2,3, 13,24), 

the fourth perfect 9-partiton of 73.

There are no more than these three, SH, 5H, and 11H, deducible from 
H by any multiplier prime to 73, that is by any of the numbers' 123 
... 72 ; for these are all of the forms, 18 of each form,

±2m, ±3-2m, ±S-2m, or ±11-2"', to modulus 73,
as may easily be verified. Consequently the multiplication of H by any 
of these numbers will have the effect of multiplication by 1, 3, 5, or 11, 
taken either with positive or negative sign.

And if we multiply any of the three difference circles 3H, 5H, er IIH 
by any number prime to 73, we shall merely reproduce one of the four

H=(l, 2, 4, 8, 16,5, 18,9,10), 
3H=(1, 4, 7,6, 3,28, 2,8, 14), 
6H=(1, 16, 22, 2, 3, 4,6, 8, 11), 

11H= (1, 8, 12, 2, 3, 13, 24, 4, 6).

Whether there be any other perfect 9-partitions of 73 besides these, it 
is not easy to prove by a simple argument. It is enough for theory that 
we have the power to determine this by the solution of equation (A), as 
pointed out in the former part of this memoir.

The four difference circles above found enable us to form, in eight 
different ways, 73 9-plets, each set exhausting once and once only tha 
duads possible with 73 symbols, 1, 2, 3, ... 72, 0, thus:  

1 2 4 8 16 5 18 9 10

0 1 3 7 15 31 36 59 63
1 2 4 8 16 32 37 65 64
2359 17 83 38 56 65 

&c.
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1 10 9 18 . 6 16 8 4 2

0 1 11 20 38 43 59 67 71
1 2 12 21 39 44 60 68 72
2 3 13 22 40 45 61 69 0 

&c.

147 6 3 28 2 8 14

0 1 6 12 18 21 49 51 59
1 2 6 13 19 22 60 52 60
2 3 7 14 20 23 51 53 61 

&c

1 14 8 2 28 3 6 7 4

0 1 15 23 25 53 56 62 69
1 2 16 24 26 54 57 63 70
2 3 17 25 27 55 58 64 71 

&c.

And four more sets can be made in like manner from the remaining two 
difference circles.

 It may be an amusement to the reader, whether mathematical or not, 
to seek for the perfect r-partitions of, (r = 7, 8, 10, &c),

43 = 7 2 - 7 + 1
57 = 8" - 8 + 1
91= 10s -10 + 1

&c.
I cannot demonstrate that none exists for 43 ; but I think it improbable. 
That one and more than one can be found for 57 I think is very likely; 
for I have proved, in a paper before alluded to in the Cambridge and 
Dublin Journal, that octuplots can be made to exhaust the duads in 
57 = 7a + 7 + 1, because 7 is prime. And I do not see why decuplets 
should not be discovered for 91. If there be a general expression for 
these perfect partitions, it will in all probability be a complex and discon­ 
tinuous function of r.


