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THE ANCIENT GEOMETRICAL ANALYSIS,
ILLUSTRATED FROM THE WRITINGS OF THE
LANCASHIRE GEOMETERS.

By T. T. Wilkinson, F.R.4.8., dc., dc.

(Reap 15ra May, 1856.)

The cultivation of the Ancient Geometrical Analysis appears to have
been a favourite subject with the mathematicians of the sixteenth and
seventeenth centuries. During the former period, Commandine completed
his translation of the Mathematical Collections of Pappus, which he enriched
with numerous additions of his own; Vieta published a Restoration of
Apollonius on Tangencies ; and our own countryman, Dr. Dee, prefixed his
celebrated preface to what is usually known as Billingsley’s Euclid. The
latter period is more particularly distinguished for the many attempts to
restore the lost treatises of the Greek geometers, and to exemplify the true
nature of their methods of discussing geometrical propositions. Amongst
those who succeeded best in these respects, we may instance Ghetaldus,
who reproduced the Inclinations, and furnished a supplement to Vieta on
the Tangencies ; Snellius, who wrote on the Determinate Section and the
Sections of Ratio and of Space ; Schooten and Fermat, who either wholly
or partially considered the Plane Loci and the Porisms. Besides these, we
may enumerate the names of Sir Henry Saville, Anderson, Gregory St.
Vincent, Pascal, Desargues, Girard, Hugo D’'Omerique, Huyghens, and
more latterly, Halley, Simson, and Stewart; all of whom contributed by
their writings and example to revive a taste for the study of those forms of
pure geometry, which had lain dormant for more than a thousand years
after the Saracens destroyed the library at Alexandria.

It must not, however, be concluded from the presence of several English
names of good repute in the preceding enumeration, that the study of the
ancient geometry was then pursued so sedulously and so successfully in this
country as on the continent. The names of Halley, Simson, and Stewart,
belong to the eighteenth century rather than to an earlier date. They
formed, too, almost isolated instances in their respective generations, and
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the state of geometrical science even at the Universities of Cambridge and
Oxford may be judged of from the fact that Sir Isaac Newton always blamed
himself for having studied the works of Des Cartes, and other algebraical
writers, at the commencement of his mathematical studies, before he had
paid due attention to the Elements of Fuclid.

It was not until after the publication of Thomas Simpson's Algebra and
Greometry, which contained a large collection of geometrical problems con-
structed and demonstrated, that the taste for pure geometry began to diffuse
itself amongst our mathematicians generally. His Select Ewercises laid
down the principles of the ancient geometrical analysis in & manner intel-
ligible to the majority of students; and the publication of geometrical
questions in the Lady’s and Gentleman’s Diaries, and other similar works,
paved the way for that complete development of the system which took
place after the Rev. John Lawson had rendered the attempted restorations
of the works of Apollonius, and a sketch of the Porisms of Euclid, acces-
sible to non-academic readers. The works of Halley, Simson, and Stewart,
from the circumstance of their being written in Latin, were sealed books
to the great bulk of those whose names appear in the periodical scientific
literature of the day, and had it not been for the aids just noticed, most
probably the complaint made by Dr. Simson in 1767, that *the taste for
the ancient geometry, or indeed any geometry, seems to be quite worn
out,” would have been every whit as just half a century later, as it was
during the period in which his Latin treatise on the Loci Plani * did
not sell.”

At the very time, however, that Dr. Simson was thus despairing of his
favourite science, a band of men was rapidly forming in the north and south
of England, whose lives were to be consecrated to the study of pure
geometry ; and although the sound of their fame had not then penetrated
the seclusion of his Alma Mater, the labors of themselves and their pupils
were destined ultimately to change the whole face of mathematical science,
and even to induce a return to more logical systems in the leading educa-
tional institutions of the country. The Lady’s Diary, the Mathematician,
the Mathematical Exercises, and the British Oracle, conducted by Simpson,
Rollinson, Turner, and Lawson, laid the foundations of the reform during
the lifetime of the Glasgow professor ; and after his decease, the Gentle-
man’s Diary, the Mathematical Repository, the Mathematical Companion,
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and numerous minor serials, under the direction of Wildbore, Leybouin,
Hutton, Hampshire, Davis, and others, continued to foster the study and
develop the powers of such proficients in our own county as Butterworth,
Wolfenden, Smith, Hilton, Cunliffe, Bazley, Campbell, Simpson, Kay,
Holt, and Swale.

The Greek geometers are well known to have divided their course of
study into what they termed the first and second elements. The former
they subdivided into two parts, corresponding respectively to our elementary
principles, and the practical measurement of plane figures ; the latter con-
tained the whole of those ingenious speculations of Euclid, Apollonius, and
others, which find their counterpart in the higher geometry of the
Continental mathematicians. According to Pappus, they were accustomed
to employ two methods for the demonstration or discovery of geometrical
truths. The first process was termed Analysis, or the resolution into
parts; the second received the name of Synthesis, since it consisted princi-
pally of the art of composition. By analysis is meant that process of
reasoning by which we proceed, step by step, from the entities sought, as
taken for granted, until we arrive at one or more simple truths already
known; whence we conclude that the entities supposed to be given, or true,
at the outset are really so, and the steps by which we arrived at the simple
known truths are generally such as to indicate the construction and demon-
stration of the proposition, or, at all events, to point out its impossibility
under the given conditions. Synthesis, on the contrary, commences by
advancing some known truth, or truths, respecting the proposition proposed,
and it proceeds, step by step, to the theorem required to be demonstrated,
or to the problem to be constructed. Analysis, in fact, searches the given—
Synthesis gives the sought; whilst both may be regarded as general types
of the regressive and progressive forms of logical deduction.

When applied to purely geometrical enquiries, the two methods differ only
in their point of departure, for the reverse of one process always reproduces
the other. In the application of the analytical process to the demonstra-
tion of theorems, or to the construction of problems, we first of all suppose
the theorem to be true, or the problem to be actually constructed. We
then proceed to examine such consequences as may result from these
admissions, by calling in the aid of any other properties of the requisite
diagrams which may be already known. Should these consequences prove
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to be false, the process constitates a reductio ad absurdum, which proves
that the supposed theorem is not true, or that the construction of the
proposed problem is impossible from the given data; but if none of these
happen to be known truths, or possible operations, we must examine other
' consequences in connection with other properties of the diagrams, until we
arrive at a result which is already known to be true, or a construction which
is admitted to be possible. When such is the case. the analysis properly
ends, since it is obviously unnecessary to trace every thing back to the
elements or to the data of Euclid, and nothing more remains for the student
to do than to deduce his construction and add the synthesis or demonstra-
tion, by reversing the steps of the analysis.

From what precedes, it is evident that the analytical process is most
properly applied to the solution of problems, whilst synthesis adapts itself
more particularly to the demonstration of theorems. The former is
professedly the instrument of research and a means of invention, by which
new truths are discovered ; the latter adds to our knowledge by demonstra-
ting the truth of those relations which have presented themselves, either
accidentally, or from necessity, during the process of resolution. It is
impossible to lay down any general rules, by which all geometrical analyses
may be conducted. The nature of the inquiry, and the relations which
exist amongst the data, exercise an influence which must not be neglected
in the selection of the course to be pursued. In particular cases, lines
must be drawn in certain directions, of given lengths, or having given
ratios ; angles must be formed at given points, of given magnitudes ; circles
must be described with given radii, from given centres ; the intersections
of certain loci are sometimes either to be obtained or conceived ; tangents
must be drawn from given points to given circles ; and many other
contrivances which daily present themselves to the geometer must occa-
sionally be taken advantage of, before the demonstration of a theorem or
the construction of a problem can be obtained; and it is in a ready
selection of the best means, and in the judicious disposal of such prelimi-
nary constructions and arrangements, that the superiority of an adept
renders itself manifest. There is a taste and an elegance to be found in
geometrical processes quite as marked in character as the sublime and the
beautiful in poetry or prose ; and the gifted geometer is as easily distin-
guished by his writings as the talented author of a novel, a history, or a
poem ; for although the inspirations of genius may manifest themselves in
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totally opposite directions, they are as clearly discernible in the walks of
abstract science as they are in the more widely appreciated pursuits of
literature.

The complete resolution of any proposition by means of the ancient
geometrical analysis, generally consists of siz distinet parts, although in
some particular cases, one or more of these may be conveniently omitted.
We have—

Firstly—the hypothesis and preparatory construction.

Secondly—the examination of the relations existing amongst the data
and quasita of the proposition.

Thirdly—the construction or final solution.
Fourthly—the demonstration.

Fifthly—the discussion of particular cases, and the determination of the
limits within which the problem is possible.

Sixthly—the corollaries deducible from the whole of the process.

The hypothesis and preliminary construction are obviously essential to
every geometrical proposition ; but the former may be deficient or redun-
dant, according as the data are too few, or too many, or not sufficiently
limited to enable the geometer to attain the object proposed; whilst the
latter may consist merely of the most simple operations. In all cases
where the analysis and construction are given, the synthesis or demonstra-
tion may be, and generally is, omitted ; and, on the other hand, the analysis
is not often required where the construction and demonstration are given
at length. The ancient geometers, however, appear to have been very
careful to furnish all the parts of a solution in consecutive order, nor did
they rest satisfied until they had thoroughly examined all the special cases
of the subject of inquiry. The moderns do not often imitate them in this
respect, but content themselves, in most instances, with giving the solution
of a general case, and leaving the particulars to be elicited by the student.
The Greek geometers were accustomed to proceed from the particular to
the general by a series of easy gradations; we usually attack the general
proposition at once, and deduce the particulars from the results.

As an illustration of the application of analysis and synthesis to the
investigation of the truth of a theorem, we may select the nineteenth
proposition of Dr. Matthew Stewart’s Propositiones Geometrice. Its solu-
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tion offers little difficulty, nor does it require much preliminary construction,
but it is not the less valuable as an example, since it presents a perfect
specimen of the entire agreement of both processes when taken in direct

and reverse order.
THEOREM.

If from any point C in the diameter of a circle AB produced, a tangent
be drawn to the circle ; and if from the point of contact D a perpendicular
DE be demitted upon the diameter ; then will AC : OB :: AE : EB.

ANALYSIS.

Suppose the theorem true, and let ADB (fig. 1) be the circle, F' its
centre, AB its diameter, C the point in the diameter produced, D the
point of contact, and DE the perpendicular. Join FD.

Then since AC : BC :: AE : BE,

and AB is bisected in F,
[by a known property] we have CE. FE — AE. EB,
Add EF? to each of these rectangles.
Then OF. FE = AF? = DF?,
TeEOF ¢ DF <3 DR ~EE, :
or the triangles CDF and EDF' are equiangular.
* . angle CDF = angle DEF.
But the angle DEF is a right angle,
. the angle CDYF is also a right angle, and
*. CD touches the circle at D.”

SYNTHESIS.
Premising the same preliminary construction as before, we find that—
¢ Because CD touches the circle at D,
the angle CDF' will be a right angle ;
and since DEF is a right angle,
the angle DEF = angle CDF and
the triangles EDF and CDF are equiangular.
MO R DECSTERY
ands o T OF. FPE— DF* — AT
Take EF*? from each of these,
.*. CE. EF = AE. EB.
But AB is bisected in F, and consequently
[by the preceding known property]
AC BO AR "BRY Q. E. D.
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This theorem forms a fundamental proposition in the modern doctrine
of poles and polars, with regard to the circle. C is the pole, DE the polar,
and the enunciation merely states the fact that they divide the diameter,
or indeed any line drawn to cut the circles, in harmonic proportion. The
property is also true with respect to the conic sections, as may be seen by
referring to La Hire’s treatise on the subject, published a.p. 1685, and
to many later works.

Almost the whole art of solving geometrical propositions consists in
reducing the given data, and their relations to each other, to more
simple forms. The greater the number of data, or their relative non-
connection with each other, the greater, in general, will be the difficulty
of the analysis. The object of this process is confessedly to diminish the
number of separate data, until we arrive at the simplest possible conclusion,
or the case where there is only one entity to determine; and hence we
find that many of the more difficult geometrical inquiries are gradually
traced through a series of more and more simple propositions, until we
arrive at one respecting which there can be no difficulty. Thus, if it were
required to solve the following :—

ProprEM.

“In the triangle ABC, place a right line DE, such, that the non-adja-
cent segmeilts DB, EC, and the line DE, shall have given ratios to
each other.” (Lame’s Haamen de Different Methodes en Géométrie.)

ANALYSIS.

Suppose DE (fig. 2) to be the line drawn as required ; draw DF and
CF parallel to AC and DE respectively ; also join BF and produce it
to meet AC produced in G.. Then AG : AB : : DF : BD: :
EC : BD.

But EC : BD is a given ratio by hypothesis,
and consequently AG : AB is a given ratio.

The triangle ABG is therefore given and may readily be constructed,
which reduces the problem to that of *having given the triangle ABG
and a point C in its base, to draw a right line DF parallel to AG, so that
DF : FC may be a given ratio.’

Again, suppose the thing done, and draw GX parallel to FC, meeting
BC produced in X, if necessary. :

F
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Then GX : FO :: BG : BF :: GA : FD.
And GX : GA :: FC : FD :: ED : EC.

But this last ratio ED : EC is given, and consequently the problem
is further reduced to that of finding ‘a point X upon the line BC such
that GX : GA may have a given ratio to each other.” This is obviously
nothing more than finding a fourth proportional to three given lines [and
hence the analysis properly ends at this stage of the process]. It may be
remarked, however, that there are two points X and X', which satisfy the
- conditions, and consequently the problem admits of the two solutions indi-
cated by the diagram.”

In like manner, if it were proposed *to describe a circle (O) to touch
three given circles (0,), (O,), (O;), whose radii are respectively r;, 15, 1,”; we
may suppose the problem solved, and that an auxiliary circle is described
with centre (O) to pass through O, and touch two circles having their
centres at O,, O, and radii = r, — r, and r; — r, respectively. Were this
auxiliary circle actually described, or determined, the proposed object
would evidently be accomplished ; but since this is not the case, the
question is now merely reduced to that of * describing a circle through a
given point, which shall touch two given circles.” By again supposing this
latter problem solved, a very easy analysis conducts us to the double problem
of “producing a given line, so that the product of its segments shall be
equal to a given rectangle,” and of “ describing a circle which shall pass
through two given points, and touch a given circle.” The former offers no
difficulty whatever, whilst the latter, by an almost obvious process, comes
at once to the simple operation of ¢ describing a circle through three given
points:” and, consequently, by collecting the operations contained in the
various steps of these analyses, the construction of the original problem is
gradually evolved.

‘When a similar method of procedure is adopted, the *inscription of a
polygon in a given circle, so that its sides and diagonals shall pass through
given points " is reduced—rfirstly, to that of * describing a triangle in the
circle,” subject to similar conditions ; secondly, to that of drawing two
lines from two given points to intersect in the circumference of a given
circle, such, that their chord of intersection shall be parallel to a given
line;” thirdly, to that of “drawing a line through a given point, so as to cut
off a given arc from a given circle ;" and lastly, to that of * drawing a line
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from the given point to cut the given circle, so that the intercepted chord
shall be of a given length ;" a problem which obviously requires no further
reduction.  Both of these general problems possess considerable historic
interest. The former is well known as the principal case of Apollonius on
Tangencies, whilst the latter, besides being intimately connected with the
difficult subject of Porisms, has occupied the attention of several of the
most eminent mathematicians, both of this country and on the continent.
The principles of their various methods of investigation have been amply
discussed by Professor Davies, in the third volume of the Mathematician,
and Mr. J. H. Swale has reduced the whole to very simple processes in the
two numbers of his Liverpool Apollonius.

The construction of plane triangles from given data has long been a
subject much cultivated by non-academic and other geometers. Its interest
is at least as old as Pappus, and it was pursued to a considerable extent
in more recent times, by De Billy, Hugo D'Omerique, and other writers of
later date. Sir Isaac Newton gave some examples of this kind, treated by
Algebra, in his Arithmetica Universalis, and Thomas Simpson added many
more general cases to the number, in the appendices to his treatises on
Algebra and Geometry, but the full development of the system was reserved
for the correspondents of our mathematical periodicals. Synopses of data
for the construction of triangles have been published at different times by
Lawson, Leybourn, Farey, and others; whilst the more intimately con-
nected properties gradually evolved during the consideration of particular
cases have been collected under the heads of “Modern Geometry,” in the
Student ; * Symmetrical Properties ” in the Philosophical Magazine and in
the Repository ; and the more recent *Hore Geometrice,” in the Lady's
and Gentleman’s Diary. It does not, however, appear that the results
have been at all commensurate with the vast amount of labor expended upon
such constructions. Most questions of this nature may be more justly
described as * ingenious puzzles,” than as aids to the real progress of
the student, and hence of late years the practice of proposing such
problems has justly fallen into neglect. For occasional praxis, they may
be resorted to with considerable advantage, but to carry them to the extent
which they occupy in the Mathematical Companion, and other similar works,
is ““ geometrical trifling” of the most unprofitable description.

In some instances, however, the analysis conducts us to results, or to
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properties of the requisite disgrams, which no other process would readily
supply ; and not a few examples might be adduced where one or more of
the great problems of antiquity lie hid under the disguise of the data for
constructing a plane triangle. "Thus, when “ the base, the vertical angle,
and the ratio which the line bisecting the vertical angle has to the differ-
ence of the segments of the base,” are given, the construction is proved by
Mr. Swale to hinge on a case of determinate section. When “ one side an
adjacent angle, the area, &c., of a quadrilateral,” are given, the construction
is reduced by the same author to a case of the section of space; and he
received the * prize medal” for solving question 240 in the old series of
the Repository, which contains several properties relating to the curious,
and then little known, subject of porisms. In the Leeds Correspondent,
the Companion, and other periodicals, we might point out other instances
in which the tangencies, the inclinations, &c., are evolyed from data, which
at the outset contain no visible traces of any such close connection with
these noted problems. All cases of this description ought to be excepted
from those to which the preceding objections more particularly apply, since
they obviously exercise the powers of the student, at the same time that
they add to his knowledge of the ramifications of the leading problems of
the ancient geometry. We may add, that when any proposed question had
been reduced by analysis to a case of these second elements,” the Greek
geometers were accustomed to consider it as sufficiently solved, and the
moderns have generally followed their example in this particular. As an
illustration of the method of considering a problem relating to the con-
struction of a triangle, we may select the following from the very elegant
Lucubrations in Mathematics, by the late Colin Campbell, Esq., of Dingle
Mount, Liverpool, in which the analysis, construction, and demonstration
are given at length.
ProBLEM.

“ Given the sum of the sides, the vertical angle, and the length of a line
drawn from one of the angles at the base, to divide the opposite side in a
given ratio ; to construct the plane triangle.

ANALYSIS.
 Let ABC (fig. 8) be the required triangle. and AD the given line,
dividing in D the side BC, which produee to E, making CE = AC, and
join AE; draw BH parallel to AC, meeting AD produced in H, and O,
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R, being the centres of circles described through ADE, DHB, demit
OF, RG, perpendicular to EB, and OI to RG. Then CD : DB ::
AD : DH, which is therefore given, consequently the circles AED,
DBH, are given ; therefore OR (joining their centres) is given, as is also
OI — FG = } EB; hence the angle IOR is given, wherefore 10,
and thence EB, heing parallel to it, and passing through the given point
D, is given in position.
CONSTRUCTION.

Make the third datum AD : DH in the given ratio of the segments
into which one of the sides is to be divided by AD, and on opposite sides
of AH, describe DBH, AED, segments of circles to contain the given
vertical angle, and its half respectively; join O, R, the centres of the
circles, and on OR describe a semicircle, to which apply the chord OI=
half the given sum of the sides, and parallel thereto, through D, draw EB,
in which take DO : DB :: AD : DH; and having joined AC, AB,
ABC will be the required triangle.

DEMONSTRATION.

Join AE, and draw IR to cut EB in G; on EB demit the perpendi-
cular OF; and because DC : DB :: AD : DH; AC is parallel to
BH; consequently the angle DBH = ACB = the given vertical
angle by construction. Also since the angle AOB — CAE + AEC =
2AEC by construction, the angle AEC = EAC, therefore AC =
CE, and, consequently, AC + CB = BE = 2FG = 201."

Q.E.D.

When considering geometrical problems it frequently serves a useful
purpose to examine the number of solutions of which they are capable, as
well as the lmits within which they are possible. The latter is by far
the more difficult inquiry; for the process sometimes requires a greater
amount of skill and sagacity than the analysis of the original problem.
On the other hand, we are amply compensated for the extra labour by the
discovery of a multitude of beautiful properties relating to the mazima and
minima of the quantities under consideration. If, for instance, it were
required “to draw through a given point a parallel to a given right line,
there can only be one solution possible ; but if we had a given point, and
were required “ to draw a tangent from this point to a given circle,” there
would obviously be fwo solutions to the problem. We may, in general,
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draw four common tangents to two given mnon-concentric circles, and we
find no fewer than eight different solutions to the general problem of
describing a “circle to touch three given circumferences.” If, however,
we had “ to construct an isosceles triangle on a given base,” or ““to describe
a circle through two given points,” we have evidently too few data in each
case to limit the problems, and the solutions therefore become infinite in
number. Such problems as admit of a certain number of solutions are
styled determinate, whilst the name of indeterminate is applied to those which
can be satisfied by an unlimited number of solutions. - When the okject of
inquiry relates to the position of a point, and it is found that an infinite
number of points can be assigned, each of which satisfies the requisite
conditions, the line traced out by these points is termed a locus ;—if we
“make the construction of the figure a part of the hypothesis, we have
what was called by the ancients a local theorem ; and, again, if, in enun-
ciating this theorem, that part of the hypothesis which contains the con-
struction be suppressed, the proposition arising thence will be a porism.”
( Playfair on Porisms, Edin. Trans. vol. iii. p. 171.)

The locus of the vertex of the triangle, and of the centre of the circle,
in the instances just adduced, are obviously the perpendicular bisectors of
the base, and of the line joining the two points; the loci of the vertices of
all the equal triangles which can be constructed on the same base, and of
all triangles having the same base and equal vertical angles, are a straight
line and a circle respectively ; and most propositions of this nature might
be transformed, if necessary, into their corresponding local theorems and
porisms by adhering to the preceding instructions. * Kveryindeterminate
problem,” says Mr. Potts, in his excellent edition of Fuclid, * containing
a locus may be made to assume the form of a porism, but not the converse,
for porisms are of a more general nature than indeterminate problems
which involve a locus.”

1t is, however, to the utility of loci in the consftruction of geometrical
problems that we would now more particularly direct attention. If it
were required to “ determine the locus of all points from which tangents
drawn to a given circle shall contain a given angle,” an easy process will
show that any point of a certain circle, concentric to the given one, will
possess the property required ;—and the use of this locus becomes at. once
apparent when * two circles are given, and a point is required from which

——
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tangents to the circles shall contain given angles;” for the intersections
of the two circles corresponding to the preceding locus in each case will
evidently give the positions of the points answering the conditions
of the problem. When the base and vertical angle of a triangle
are given, the locus of the centres of the inscribed and escribed
circle touching the base is well known to be a circle, whose centre
bisects the arc subtending the base, and whose radius is equal to
the chord of half the same arc, and this locus is of constant use in
the construction of problems relating to the data of Halley’s Diagram.
Many other simple loci are equally efficacious, and much advantage may
always be gained by availing ourselves of their intersections amongst them-
selves, or with the other data, whenever they are found to occur in the
analysis of a problem. An instructive instance of this will be found in the
solution of the following question, which, besides being possessed of some
historic interest, recommends itself to the notice of the student by the
variety of methods which may be adopted for its construction.

PROBLEM.

Place a triangle, similar to a given one, so that its angular points shall
rest upon the circumferences of three given concentric circles.

- ANALYSIS.

Suppose the problem solved : —ABC (fig. 4) the required triangle; O
the common centre of the three circles; OA, OB, OC, their radii
respectively. Take any point m in OA ; draw mn, mp, parallel to AB,
AQ, and join np. Then, since the triangle m n p is similar to ABC,
it is given in species, and by reason of parallels we have,

AOQ T BOV: 2im 05 00
AO : CO :: mO : pO; whence
mO : nO and m O : p O are given ratios.
But when two points and the ratio of two lines drawn from them are given,
the locus of their intersection is a given circle, and, consequently, the
‘point O is at one of the intersections of two given circular loci. Hence
the following '

CONSTRUCTION.

Make the triangle m n p similar to the given one, and determine the
point O by constructing the two circular loci corresponding to m n, m p,
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and the given ratiosm O : n O,and m O : p O, respectively. Join O m, O n,
O p, and prolong them until they are respectively equal to OA, OB, and
OC. Lastly, with these radii describe the three concentric circles, join
AB, AC, BC, and ABC will be the triangle required.

The Demonstration is obvious from the Analysis. Particular cases of
the general problem of * placing a triangle, similar to a given triangle, so
that its angular points shall lie upon three circles anyhow given in position
and magnitude,” have frequently occupied the attention of English
geometers. Mr. William Wales considered one of its cases, when engaged
in observing the transit of Venus, on the shores of Hudson's Bay, in 1768,
and other varieties were noticed by Professors Wallace and Davies in the
Liepository, and in the Gentleman’s Diary. Mr. Swale constructed and
demonstrated the case just considered as question 229 in the Leeds Cor-
respondent ; and Mr. William Shepherd, of Bradford, has recently supplied
an elegant discussion of the most general case of the problem in No. 1617
of the Mechanics' Magazine. For the sake of comparison we may append
Mr. Swale’s construction adapted to the preceding diagram.

CoONSTRUCTION.

“Let m n p be a triangle similar to the given one, and O the centre
of the given circles OC, OA, OB. Draw any radius OC; make the
angle OCP =mmnyp,and OC : CP :: np: nm; to the cirdle OA
apply AP, so that np : nm :: OB : AP; draw CA, CB, AB,
making the angle ACB = PCO : — the required triangle is ACB."
(Leeds Correspondent, vol. iii. p. 286.)

It remains to assign the limits of the problem. Since the loci intersect
twice, there will in general be two distinct solutions ; but when the circles
touch at O, only one solution is possible ; lastly, when the loci neither cut
nor touch, the problem becomes impossible. When two of the given circles
coincide, the construction and solutions remain the same as before; two
of the angular points of the required triangle lie on one circumference,
and O is determined by the intersection of a straight line and a circle ;—
but when all the three circles coalesce, the problem admits of no more
than one solution, since the loci then become straight lines, and O is
determined by their intersection.

We haye previously remarked that the Greek geometers did not consider
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any proposition as completely solved until they had examined every parti-
cular case and determined the limits within which the theorem or problem
under consideration was possible. The determination of such limits con-
stitutes what is now known as the doctrine of maxima and minima.
“ Such propositions,” says Mr. Potts, in his dppendiz to Euclid, *“as
directly relate to maxima and minima may be proposed either as theorems
or problems.  For the most part, however, it is the more general practice
to propose them as problems; but this has most probably arisen from the
greater brevity of the enunciations under this form. When proposed as a
problem there is greater difficulty involved in the solution, as it is required
to find the limits with respect to increase and decrease, and then to prove
the truth of the construction; whereas in the form of a theorem the
construction itself is given in the hypothesis.”

In many of the more simple instances, however, it is possible to infer the
maximum and minimum cases without a formal process. Thus in Euclid
i. 22, the manimuwm case is, obviously, that when the sum of the sides
exactly equals the base, and at this limit the problem ceases to be possible ;
also in Euclid ii. 5, the magnitude of the rectangle is easily seen to vary
from zero to the maximum when the two segments are equal to each other ;
and again in Euclid iii. 7-8, we find the mawximum and minimum cases on
the lines passing through the centre, whether the given point lies within,
on, or without the given circle. When two points and a straight line are
given in position, the sum of two lines drawn from the given points to
intersect on the given line will be a minimum when they make equal
angles with that line; but if a circle be substituted for the line, the
minimum takes place when the lines make equal angles with a tangent
applied at the point of inflection, or with a diameter drawn to the same
point, and the case of the maaimum, or when the sum of the lines is the
greatest possible, occurs under the same conditions at the opposite extremity
of the diameter. The demonstration of all these properties is very easy
when they are enunciated as theorems, nor do some of them offer much
more difficulty even when proposed as problems. Such, however, is not
the case when we have given two points and a circle, and it is required to
determine a point in its circumference, such that the sum of two lines
drawn from the given point to the required point shall be a minimum ; for
we thus transform one of the foregoing easy cases into * Alhazen's
Problem,” whose solution requires the aid of the conic sections, as has
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been shewn algebraically in the Philosophical Transactions (Hutton's
Abridgment, vol. viii.), by Huyghens, Slusius, and Catalan; and more
recently by an elegant geometrical process in the appendix to Dr, Simson’s
Sectiones Conica, of which a translation exists in the MS, remains of the
late Mr. Colin Campbell.

Maxima and minima cases of problems may also be very frequently
detected by examining all the possible variations amongst the data when
the problems are constructed for a given quantity, and numerous examples
of this procedure might be selected from almost any of cur mathematical
periodicals. ~ If two points and a straight line be given, and it were
required to draw two lines from the given points to the given line, so as to
form a given angle, the intersection of the line with the segment of a
circle capable of containing the given angle, will, in general, determine
two points which satisfy the conditions of the problem, When these two
points of solution coalesce, the given line becomes a tangent to the circle,
and the maximum angle is formed at the point of contact. In other
instances the minimum case is derived with equal facility ; but the follow-
ing example, furnished expressly for this paper- by Mr. Henry Buckley, of
Wood House, Delph, will render any additional illustrations unnecessary.

ProBrEM.

“ Having two points PQ, and a circle (O), given in position and magni-
tude, it is required to draw a tangent BC to the circle, so that if perpen-
diculars PB, QC, be demitted upon it from the given points, m.QC
+ n.PB may be equal to a given line, a mazimum, or a minimum.

CONSTRUCTION.

Divide PQ at A (fig. b). in the ratio of m to n. With centre A and
radius AG = m_-li-Ti the given line, describe an arc HI. Draw the
common tangent BLGC to touch the arc and the given circle in G
and L respectively, and it will be the one required.

DEMONSTRATION.

Demit PB and QC perpendicular to LG, and draw QE, AF parallel
to BC, meeting AG and BF in E and F. Then m.QC + n.PB =
m. GA — m.AE + n.GA + n.PF. But by construction and similar
triangles we have m : n:: AP: AQ :: FP: AE. Or, m. AE =
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n.FP; .. m.Q0 + n.PB=m.GA. + n.GA = (m + n) GA = the
given line as required.

When AG passes throngh the centre O, as in fig. 6, and the tangent is
drawn at the extremity G of the diameter, m.QC + n.PB will evidently
be a maximum, since, by Euclid iii. 8, AG is then the greatest possible.

Similarly the minimum case occurs when the contact takes place at G/,
for then, Euclid, ibid, AG’ is obviously the least possible ; and the problem
is evidently impossible when AG, or AG/, neither cuts nor touches the
circle (0).” e
Q. E.D.

We have thus endeavoured to point out and illustrate a few of the
leading characteristics of the ancient geometrical analysis. The subject is
undoubtedly an attractive one to all lovers of pure geometry, and might be
pursued to much greater length with reference to porisms, poles and
polars, radical axes, anharmonic ratio, conjugate division of lines, &e., &e. ;
most of which have been treated, more or less extensively, under somewhat
different forms by the Lancashire geometers. The writings of Playfair,
Wallace, Davies, Mulcahy, and Chasles, may, however, be referred to in
default of such an extension, since enough has perhaps been done to direct
attention to a branch of science which has held its place in a course of
liberal education for upwards of 2,000 years. Its prosecution, beyond the
mere Elements of FEuclid, and a few easy deductions, has for some time
been mostly abandoned for the more powerful coordinate methods, and the
gigantic strides which both pure and applied mathematics have made in
our own times would seem to justify the change.

‘We may, however, conclude by observing, in the words of Dr. Whewell
(Laberal Education, pp. 29-30), that ¢ wherever mathematics has formed a
part of a liberal education, as a discipline of the reason, geometry has been
the branch of mathematics principally employed for this purpose. * *
It is not too much to say that it is a necessary part of a good education.
There is no other study by which the reason can be so exactly and vigo-
rously exercised. In learning geometry the student is rendered familiar
with the most perfect examples of strict inference; he is compelled habi-
tually to fix his attention on those conditions on which the cogency of the
demonstration depends; and in the mistakes and imperfect attempts at
demonstration made by himself and others, he is presented with examples
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of the more natural fallacies, which he sees exposed and corrected. ~ He is
accustomed to a chain of deduction in which each link hangs from the pre-
ceding, yet without any insecurity in the whole ; to an ascent, beginning from
solid ground, in which each step, as soon as it is made, is a foundation for
a further ascent, no less solid than the first self evident truths. Hence he
learns continuity of attention, coherency of thought, and confidence in the
power of human reason to arrive at the truth. These great advantages,
resulting from the study of geometry, have justly made it a part of every
good system of Liberal Education, from the time of the Greeks to our

”

own.

This extract must form our apology to those who think lightly of
mathematics as an exercise for the reasoning powers, for having treated so
much at length upon the oldest, yet classical, forms of a favourite science.
Pure geometry has ever been a leading feature in the writings of those
mathematicians who have resided in the district which the Historic Society
peculiarly claims as its own, and hence it may be presumed that a notice
of the tendency of their scattered labours cannot be unacceptable in the
pages of its transactions.




